In this paper, we study two-color, two-flavor QCD using chiral perturbation theory at next-to-leading order when the diquark chemical potential (µ B ) is equal to the isospin chemical potential (µ I ). For chemical potentials larger than the physical pion mass, the system is in a multicomponent superfluid phase with both pions and diquarks. We construct the one-loop effective potential using χPT in the presence of an external multicomponent superfluid source and use the effective potential to calculate the chiral condensate, the multicomponent superfluid condensate and the (multicomponent) superfluid density. We also find the critical chemical potential and the order of the phase transition from the normal phase to the multicomponent condensed phase at nextto-leading order. The phase transition remains second order (as at tree-level) and the critical chemical potential is equal to the one-loop renormalized pion (or diquark) mass.
Introduction
Quantum Chromodynamics (QCD) has a rich phase structure but is notoriously difficult to solve due to its non-perturbative nature and the presence of the fermion sign problem in lattice QCD [1] at finite baryon density (relevant for nuclear matter and neutron stars) and at finite isospin densities with external magnetic fields. Due to these challenges, it is often insightful to study variants of QCD. For instance, twocolor QCD at finite baryon density (or finite isospin density) does not suffer from the sign problem and can be studied using lattice QCD, where it possesses a diquark condensate both at low and high baryon densities [2] . This is different from three-color QCD, which supports nuclear matter at low densities and the color-flavor-locked (CFL) phase at asymptotically large densities [3] . Large N c QCD, on the a e-mail: prabal.adhikari@wellesley.edu b e-mail: nguyen28@stolaf.edu other hand, possesses a phase structure qualitatively different from that of real QCD -at finite baryon densities the deconfinement transition temperature is independent of the baryon chemical potential [4] . While quark loops are suppressed in the 't Hooft large N c limit, in real QCD, quark loops screen the interactions of valence quarks leading to the decrease of the deconfinement temperature with increasing baryon density. Furthermore, large N c QCD with heavy quarks allows for the possibility of saturated nuclear matter, which forms for qualitatively different reasons than real QCD: nuclear matter saturates due to the competition between Pauli repulsion (which is leading order in N c ) and the sub-leading (attractive) glueball interactions resulting in a nuclear saturation density that is non-analytic in N c [5] .
Unlike QCD at finite baryon chemical potentials, it is possible to study QCD at finite isospin density both at low densities (compared to the typical hadronic scale Λ hadron ∼ 4π f π ) using chiral perturbation theory (χPT) 1 and (in principle) at all isospin densities using lattice QCD [17] [18] [19] . The argument is that at finite isospin density (in the absence of a magnetic field) the complex phase that arises due to the chemical potential of up quarks is cancelled exactly by the opposite phase carried by the down quarks due to its chemical potential. Lattice QCD, similar to finite isospin chiral perturbation theory (χPT), predicts the existence of a phase transition to a pion superfluid, which at high densities becomes a Bardeen-Cooper-Schrieffer (BCS) condensate though there is no change in the symmetries of the order parameter and hence no real phase transition, only a crossover transition to a "weaker" condensate. However, at finite magnetic fields, the charge asymmetry of the quarks leads to a non-zero complex phase and hence the re-emergence of the sign problem [20] .
While pion superfluidity in QCD [21] [22] [23] is an example of a relativistic superfluid similar in principle to the superfluidity in the Abelian Higgs Model, the first experimental observation of superfluidity was in the context of Helium-4, a non-relativistic superfluid (for a review, see Ref. [24] ). Landau provided the first explanation of superfluidity using the notion of quasiparticles. Within modern field theory, superfluidity (in both relativistic and non-relativistic systems) arises due to the breaking of a global U(1) symmetry. Since pions are electromagnetically charged, in the presence of an external magnetic field they exhibit superconductivity and form magnetic vortices as has been shown using finite isospin χPT [25, 26] . Superconductivity was first explained through Ginzburg-Landau (GL) theory [27] and later further clarified through BCS theory and the Cooper pairing mechanism whereby two electrons couple through (attractive) phonon interactions [28, 29] with Abrikosov recognizing the possibility of magnetic vortices and type-II superconductivity [30] . A modern field theoretic understanding via the Abelian Higgs model suggests the breaking a local U(1) symmetry as the mechanism that gives rise to both type-I and type-II superconductivity [31] .
The phase diagram of QCD possesses more exotic possibilities than single species superfluids and superconductors. For instance, ρ mesons are expected to condense at large magnetic fields [32] [33] [34] , with magnetic vortices involving multiple species, both electromagnetically charged and neutral condensates. Similarly, it is expected that neutrons form a superfluid in neutron stars with protons forming a superconducting state [35, 36] . Outside of QCD, in condensed matter systems, the existence of exotic vortex phases is known in superfluid He-3 [37] and recently multicomponent mesonic systems were studied using χPT in Ref. [38] .
The focus of this paper is two-color, two-flavor QCD at low densities, where χPT is applicable at finite density with the isospin chemical potential equal to the diquark chemical potential. The system forms a multicomponent superfluid with a condensate that is a mixture of a pion and a diquark condensate with neither fixed separately [39] . A similar possibility exists in three-flavor, three-color χPT at finite isospin and so-called strange chemical potentials with the formation of a condensate that is a "mixture" of the quantum numbers of both pions and kaons, with neither fixed separately by the chemical potentials [40, 41] .
The paper is organized as follows. In Sec. 2, we begin with a brief review of two-color, two-flavor χPT including the possibility of a multicomponent superfluid. In Sec. 3, we discuss the parameterization of the Goldstone manifold (coset space) associated with the (spontaneous) symmetry breaking pattern in two-color QCD. In Sec. 4, we use the coset parameterization to calculate the Lagrangian in terms of the fluctuations around the multicomponent superfluid ground state. We also determine the dispersion re-lation and the tree level masses in Sec. 4.1. In Sec. 5, we use the dispersion relation and the relevant counterterm Lagrangian to determine the one-loop effective potential and in Sec. 6 we calculate the chiral condensate, the number density and the multicomponent superfluid condensate at nextto-leading order in χPT. We conclude with a discussion in Sec. 7. Finally, we list some useful dimensional regularization integrals in Appendix A and calculate the one-loop pion self-energy and pion decay constant in the normal vacuum in Appendix C.
Review of Two-Color Chiral Perturbation Theory
We begin with a brief discussion of two-color [42] [43] [44] [45] χPT. The theory possesses an expanded Pauli-Gursey symmetry (SU(2N f ) flavor ) because of the pseudo-reality of the color gauge group SU(2) color [46, 47] . This allows for the possibility of combining quarks with charge-conjugated antiquarks in a multiplet (Weyl spinor) that transforms under an enlarged SU(2N f ) flavor group as opposed to the SU(N f ) × SU(N f ) flavor group of three-color QCD. The vacuum breaks the symmetry down to Sp(2N f ) resulting in a Goldstone manifold that has 2N 2 f − N f − 1 physical degrees of freedom. We will focus on the two-flavor case in this paper. For N f = 2, there are five degrees of freedom corresponding to the charged diquarks (d ± ), the charged pions (π ± ) and a neutral pion (π 0 ).
The two-color, two-flavor χPT Lagrangian at O(p 2 ) is
where χ is an external source (scalar, pseudoscalar, diquark or multicomponent superfluid) sources and f is the (bare) pion decay constant. The covariant derivatives are defined as
where µ B is the diquark (baryon) chemical potential and µ I is the isospin chemical potential. In the analysis of this paper, we use the following source term
wherem is the scalar (quark mass) source or the quark mass in the isospin limit and j is the source for the multicomponent of diquarks and pions. The scalar source introduces quark masses in χPT, and allows us to calculate the chiral condensate using the Gell-mann-Oakes-Renner relation (GOR) relation,
where m is the bare pion mass (which is degenerate with the bare diquark mass), f is the bare pion decay constant, m is the quark mass in the isospin limit and −4G is the chiral condensate in the normal vacuum. Similarly, the multicomponent superfluid source allows for the computation of the condensate associated with the multicomponent superfluid phase, which occurs (as we will discuss next) when the isospin chemical potential equals the baryon chemical potential. 1 is the 2 × 2 identity matrix and τ i s are the Pauli matrices. The baryon and isospin charge matrices in Eq.
(2) are defined as
with the elements in the diagonal referring to the isospin and baryon charges of the up, down, anti-up and anti-down quarks respectively.
Ground State
In order to parameterize the ground state, we choose the following ansatz [39] for the orientation of Σ ,
Σ 0 represents the orientation of the normal vacuum that breaks chiral symmetry; Σ 1 and Σ 2 represent the orientations of the (charged) diquark; Σ 3 and Σ 4 represent the orientations of the (charged) pions; and finally Σ 5 represents the orientation of the neutral pion. Since Σ is unitary, i.e. Σ † Σ = 1, theφ i s obey the constraint,
We use the above ansatz and the GOR relation of Eq. (4) to construct the tree level potential under the assumption of homogeneous phases and the absence of the multicomponent superfluid source ( j = 0). We get
Minimizing V tree with respect to α, we get
Using this condition (and the curvature of the tree level potential), we find that there are three distinct condensed phases in addition to the normal phase. The resulting phase diagram is shown in Fig. 1 . -If µ B ≤ m and µ I ≤ m, the system is in the normal vacuum with Σ = Σ 0 , i.e.φ i = 0 and α = 0.
-If µ B > µ I and µ B > m, the system is in the diquark condensed phase, i.e.φ 2 1 +φ 2 2 = 1 andφ 3 =φ 4 =φ 5 = 0.
-If µ I > µ B and µ I > m, the system is in the pion condensed phase i.e.φ 2 3 +φ 2 4 = 1 andφ 1 =φ 2 =φ 5 = 0.
-Finally, if µ B = µ I = µ and µ > m, the system is in the multicomponent superfluid phase with a vacuum that is
In each of the condensed phases, α = arccos m 2 µ i , where µ i = µ I in the pion condensed phase, µ i = µ B in the diquark phase and µ i = µ B = µ I ≡ µ in the multicomponent superfluid phase, which is characterized by the condition ∑ 4 i=1φ i = 1 andφ 5 = 0. There are additional degrees of freedom compared to the diquark or the pion condensed phases. This leads to an enlarged SU(2) global symmetry in the Lagrangian unlike the global U(1) symmetry when µ B = µ I , which is broken in the superfluid phase. For details of how the SU(2) symmetry manifests, see Ref. [39] .
Parameterization of the Goldstone Manifold
The goal of this section is to parameterize Σ including its fluctuations around its vacuum expectation value (vev) discussed in the previous section. This is necessary for the construction of the one-loop effective potential associated with the multicomponent superfluid phase. We begin by noting that the Lagrangian has an enlarged global symmetry SU(2N f ) which in the presence of a finite quark mass breaks down to Sp(2N f ). The Goldstone manifold is
and it can be parametrized in terms of the broken generators (X i ), which themselves rotate as the ground state rotates from the normal phase to one of the condensed phases. In the normal phase, Σ including its fluctuations (φ i ) is parameterized as [42] 
where X i are the five broken generators of
The relationship follows from the fact that the broken generators obey X i Σ 0 = Σ 0 X T i [42] , which can be checked explicitly using Σ 0 in Eq. (6) and the broken generators, X i , in Eq. (14) .
Since we are interested in calculating the one-loop effective potential of the multicomponent superfluid phase in this paper, we parameterize the fluctuations around the multicomponent superfluid phase, which can be written in terms of Σ i of Eq. (6) and a "rotation" matrix, V α , as follows
withφ i chosen appropriately for each of the condensed phases as discussed in the previous section. The parameterization is completely general and valid in any of the condensed phases (including the normal phase for which α = 0). Then, Σ (α) in the multicomponent superfluid phase including the fluc-
which reduces to the result of Eq. (11) as it should in the normal vacuum. The second equality of Eq. (13) follows from the fact that V † α V α = 1 and the second equality in the first line of Eq. (11).
Next-to-Leading Order Lagrangian
With the discussion of the Goldstone manifold and its parameterization complete, the next step is to construct the explicit form of the Lagrangian for the multicomponent superfluid phase In order to do so, we setφ 1 = 1. This choice is arbitrary up to the constraint ofφ 2 1 +φ 2 2 +φ 2 3 +φ 2 4 = 1. We also need an explicit form of the broken generators X i , which we list below Diquarks (d ± ):
Charged Pions (π ± ):
Neutral Pion (π 0 ):
with X 1,2 corresponding to broken generators for the diquarks, X 3,4 corresponding to the broken generators for the charged pions and X 5 corresponds to the broken generators of neutral pions respectively. We have chosen the following normalization
similar to that of Gell-Mann matrices, the generators of SU(3) flavor in χPT (or SU(3) color in QCD). The broken generators, X i , relevant to the multicomponent superfluid phase have been calculated using the broken generators of SU(4) used in Ref. [43] , where the chiral limit is assumed, which means the broken generators are fully rotated from the normal chiral-symmetry-broken vacuum into a pure diquark phase with complete chiral restoration. We have (un)rotated the generators using V α of Eq. (13) with α = π/2 to obtain the result in Eq. (14) . Using these generators and Eq. (13), we find the following contributions from the O(p n ) Lagrangian, which we label L k n , with k indicating the mass dimension of the field fluctuations, φ i , for i = 1, 2 . . . 5.
In L k n , we have used the Einstein summation convention: all repeated indices (a and b in L 2 2 and L 4 2 ) are summed in from 1, 2 . . . 5. We also note that the masses that appear in the quadratic term, L 
where µ is chemical potential, m is the bare pion or diquark mass, f is the bare pion decay constant and j is the multicomponent superfluid source. We have replaced all factors of Gm/ f 2 that appear in L k n and m a through the scalar source term of Eq. (3) in L 2 2 with the bare pion mass m using the zero-source ( j = 0) GOR relation of Eq. (4). It is also worth noting that in the presence of an external source j and µ = 0, the (bare) pion mass (squared) is modified as
with α = 0 due to the source term j that rotates the vacuum into the multicomponent superfluid phase for all µ.
Using the quadratic Lagrangian, it is straightforward to find the inverse propagator
D −1 is a 5 × 5 matrix containing two separate inverse propagators: D −1 d is the inverse propagator associated with diquark fluctuations φ 1 and φ 2 ; similarly, D −1 π is the inverse propagator associated with the pion fluctuations. φ 3 and φ 4 represent the fluctuations of the charged pion fields and φ 5 represents the fluctuations of the neutral pions. p 2 is the 4momentum squared in Minkowski space. We note that due to the presence of cross terms in the 1 − 2 and 3 − 4 components of the inverse propagators, only m 5 is the (bare) mass of the neutral pion.
Dispersion Relations
In order to find the remaining masses, we need the dispersion relations, which can be found by setting det D −1 = 0. We get for the diquark and the pion dispersion relations (respectively)
where the masses m i (i = 1, 2 . . . 5), m 12 and m 34 are defined in Eq. (21) . We find the tree-level masses of each of the modes by setting p = 0 in the dispersion relation. We plot the masses (normalized by the bare diquark or pion mass) in Fig. 2 , noting that in the simultaneous condensed phase there are two massless modes d + and π + responsible for the multicomponent superfluidity observed when the diquark and isospin chemical potentials are equal. This is to be contrasted with the diquark and pion condensed phases where only one of the modes, either d + or π + , becomes massless. When µ > m, both π + and d + become massless simultaneously. In the normal phase (µ < m, the masses of d − and π − are degenerate and heavier than the masses of the other modes. The masses of d + and π + are also degenerate.
We note that the positively charged diquark and the positively charged pion becomes massless for µ > m and are responsible for the multicomponent superfluid phase. While the diquark (d + ) carries a baryon charge, it does not carry an isospin charge; on the other hand the pion (π + ) carries an isospin charge but not a baryon charge. While the theory fixes the masses of each of the five particles, in the multicomponent superfluid, the condensate associated with only a non-zero baryon charge and the condensate associated with only a non-zero isospin charge are not fixed separately by the theory. This is evident in the analysis of Sec. 2: when µ B = µ I , the ground state of the system satisfieŝ φ 2 1 +φ 2 2 +φ 2 3 +φ 2 4 = 1, where subscripts 1, 2 label the diquarks and 3, 4 label the (electromagnetically) charged pions suggesting an expanded symmetry compared to the diquark (or pion) phase for which the constraint is consistent with a global U(1) symmetry [48] .
In order to construct the one-loop effective potential, we will need to regulate the divergences in the one-loop diagrams, which requires counterterms generated through the tree-level O(p 4 ) contribution to two-color, two-flavor χPT. The relevant χPT Lagrangian is
where L i (with i = 1, 2 · · · 8) and H 2 are the low energy constants (LECs) of χPT that encode quark physics. The term proportional to L 7 is trivially zero in the two-color, twoflavor case. Using the parameterization of Σ in Eq. (13), we get the following static counterterms
which are the only contributions required to renormalize the one-loop effective potential. However, we also calculate the contributions with one and two field fluctuations (φ i ) in Appendix B. These are required to renormalize the pion mass and the pion decay constant. Additionally, we need the explicit form of the running of the LECs which we define as
we can determine the running of L r i with respect to the MS scale parameter Λ 7 We can solve the differential equations above assuming L r i is known at some reference scale Λ 0 . This gives
Since Γ 7 = 0, Γ 8 = 0 and ∆ 2 = 0, the associated renormalized LECs (L r 7 , L r 8 and H r 2 ) are all scale-independent. In the rest of this work, we use the scale Λ 0 = m and use the notation L r i (m) ≡L r i for convenience.
One-loop Effective Potential
With all the ingredients in place, we can now calculate the one-loop effective potential of two-color, two-flavor χPT when the diquark chemical potential equals the isospin chemical potential, i.e. µ B = µ I ≡ µ using the Lagrangian and dispersion relations calculated in the previous section. For an analysis of the one-loop effective potential in the diquark phase, see Ref. [42] . There are three contributions required to calculate the one-loop effective potential: Lagrangian, we will use the MS scheme with dimensional regularization. The divergences that appear are in the ultraviolet (UV ) but not in the infrared (IR) with the theory having both logarithmic and polynomial (up to quartic) divergences though only the former appear in dimensional regularization.
The O(p 2 ) tree level contribution to the one-loop effective potential including the contribution of the source term j is equal to −L 0 2 of Eq. (26),
and the one-loop contribution from the Lagrangian at O(p 2 ) arises from the following divergent integral, which is a sum over the dispersion relations of Eq. (24)
where Λ is the renormalization scale and d = 3 − 2ε. In order to isolate the divergences, we rewrite V 1 in terms of a divergence piece V div and a finite piece V finite as
where E i = p 2 + m i , with i = 1, 2, 3, 4 and m i is defined as 
The choice of E i and m i is motivated by the fact that the ultraviolet divergences in E d + , E d − , E π + and E π − are identical to the ultraviolet divergences in E 1 , E 2 , E 3 and E 4 . This is easy to check by expanding these dispersion relations around p = ∞ [48] . V div is then calculated using the standard dimensional regularization integral I 1 , of Eq. (A.1). We get
where in the second line we have used the fact that m 1 = m 3 = m 4 = m 5 . The ultraviolet divergences in the dispersion relations show up as poles in Eq. (35) , which need to be regulated. The static terms of the O(p 4 ) Lagrangian that was calculated in Eq. (26) exactly cancel the divergences. The resulting loop contribution from the O(p 2 ) Lagrangian and the tree-level contribution from the O(p 2 ) Lagrangian is
whereL r i = L r i (m) and H r i = H r i (m). The full one-loop effective potential is then
where V j tree , V j 1 and V j finite can be found in Eqs. (31), (33) and (36).
Ginzburg-Landau Expansion
As a non-trivial check of the one-loop effective potential, we consider the one-loop effective potential near the critical chemical potential. At tree level, the critical chemical potential occurs at
where m is the pion mass at tree-level. The tree-level effective potential (with j = 0) when expanded in powers of α gives
suggesting a second order phase transition since the coefficient of the α 4 term is positive (and equal to m 2 f 2 /4) at the tree level critical potential. Quantum effects are known to not affect the order of the phase transition and the critical chemical potential as has been shown in two-flavor (N c = 3) χPT [48] , three-flavor (N c = 3) χPT [41, 49] , the quarkmeson (QM) model [49] and the NJL model [50] . In order to explicitly verify this observation, we expand the oneloop effective potential in powers of α. We get the following Ginzburg-Landau (GL) effective potential [48] 
The GL expansion has terms that are both even and odd in α, with the odd terms proportional to the multicomponent superfluid source ( j) that explicitly breaks the symmetry µ ↔ −µ. The odd coefficients, c 1 and c 3 vanish when j = 0. We can find the critical chemical potential for the phase transition to the multicomponent superfluid phase at j = 0 by setting the quadratic coefficient to zero, i.e. c 2 = 0. We get
which is exactly equal to the one-loop renormalized pion mass, m π , calculated in Appendix C, see Eq. (C.8). In order to verify that the phase transition is indeed second order at next-to-leading order, we evaluate c 4 at the physical pion mass. This can be done by using the renormalized pion mass in the tree-level contribution to c 4 and the bare m in the nextto-leading order contribution to c 4 . The result is
which is greater than zero assuming the LECs are small, L r i ∼ 10 −3 , which is expected from three-color χPT and the N c power counting of the LECs [51] . The coefficient, c 4 , being positive guarantees that the critical chemical potential is a second order phase transition as is expected from tree-level calculations. Since χPT is an expansion in powers of (4π f ) −2 , this should not be surprising. At tree-level, it is known that c 4 > 0 and µ tree I,c = m. The corrections due to loop effects are sub-leading in the chiral expansion and therefore not sufficient to change c 4 significantly from the tree level value of ∼ O(1) thus preserving the order of the phase transition.
A full analysis of the one-loop effective potential including regions with α ∼ O(1) requires the numerical values of the LECs in order to compute V finite defined in Eq. (33) . Even though V finite cannot be integrated analytically, it is possible to find the ground state value of α at NLO near the critical isospin chemical potential (µ I m π ) where α 1. We proceed by minimizing the effective potential (with j = 0) using the Ginzburg-Landau form of the one-loop effective potential calculated in Eq. (40) . The ground state value of α can be written in the following convenient notation for c 2 and c 4 : 
where we have written α as the sum of its tree level minimum defined as α tree gs and the next-to-leading contribution as 1 (4π f ) 2 α loop gs . We will use the ground state value of α in the following section to calculate the chiral condensate, the multicomponent superfluid condensate and the number density near the critical isospin chemical potential, where we expect α 1.
Condensates and Number Density
Using the full one-loop effective potential of Eq. (37), we can calculate formal expressions for the chiral condensate, the multicomponent superfluid condensate and the multicomponent superfluid density. Additionally, we also calculate the condensates and density near the phase transition using α gs and the GL one-loop effective potential of Eq. (40).
Chiral Condensate
The chiral condensate can be calculated using the zero-source ( j = 0) one-loop effective potential and the GOR relation of Eq. (4). We get ψψ ≡ ∂V j=0
where the last term cannot be evaluated analytically. Near the critical chemical potential (µ I m π ), we use the GL oneloop effective potential of Eq. (40) (since V j=0 finite contributes) to calculate the chiral condensate analytically. We get
where the leading corrections are of O(α 4 gs ) and ψψ 0 is the chiral condensate in the normal vacuum at one-loop:
Multicomponent Superfluid Condensate
The multicomponent superfluid condensate is the derivative of V j 1−loop with respect to j in the limit j → 0, i.e.
where V j 1−loop is the effective one-loop potential in the presence of a multicomponent superfluid source and last term cannot be evaluated analytically. We note that at tree level the condensates satisfy the relation
where −4G is the chiral condensate in the normal vacuum. As is clear from Eqs. (46) and (49) the condensates fail to satisfy the a similar constraint to Eq. (50) at one-loop level.
Near the second order phase transition the multicomponent superfluid condensate is small and we can use the GL one-loop effective potential of Eq. (40) to calculate it. We get lim µ I →m π
where α gs can be found in Eq. (45) . The corrections are of O(α 2 gs ).
Multicomponent Superfluid Number Density
Finally we calculate the number density for the multicomponent superfluid. 
where the last term cannot be evaluated analytically. Near the critical isospin chemical potential, we get lim µ→m π n = −2µ 1 + 8m 2 f 2 α 2 gs ,
with corrections of O(α 4 gs ).
Discussion and Future Work
In this paper, we have studied two-color, two-flavor χPT (at next-to-leading order) when the diquark chemical potential is equal to the isospin chemical potentials. The theory is not accessible through lattice QCD due to the fermion sign problem -even though the fermion determinant is real, it is not positive definite when both chemical potentials are present. We calculated the one-loop effective potential and used it to calculate the chiral condensate, multicomponent superfluid condensate and the multicomponent superfluid density. The original study of two-color, two-flavor χPT only characterized the diquark phase, which is a consequence of the breaking of the residual U(1) symmetry when µ B = µ I [43] . When the diquark and isospin chemical potentials are equal the Lagrangian possesses has an enlarged SU(2) symmetry, which is broken by the multicomponent superfluid phase. This phase is a "mixture" of diquarks and pions with neither fixed contrary to the diquark or the pionic phases where the density of diquarks and pions are both fully determined by the theory.
While we have limited our study to finding the full oneloop effective potential and then analyzing the second order phase transition, the chiral condensate, the multicomponent superfluid condensate and the number density near the phase transition in the loop expansion, the natural next step is to consider the theory away from the phase transition. Such an analysis requires the calculation of V finite in Eq. (33) , which depends on the bare diquark (pion) mass and the bare pion decay constant and the LECs of two-color, two-flavor χPT, which are yet to be determined.
In future work, we will consider the possibility of determining the LECs of two-color, two-flavor χPT by fitting to lattice data at finite diquark density [2] . The fitting is straightforward near the critical baryon chemical potential (with α 1) since the results are fully analytical with systematically known corrections but away from the critical chemical potential one has to consider the full NLO effects from V finite of Eq. (33) . The integral can only be performed numerically and depends on the ground state value of α gs , which in turn depends on the LECs (L r i ). 
